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We performed a theoretical and computational analysis of the through-focus axial irradiance in a system with a
Gaussian amplitude pupil function and fourth- and sixth-order spherical aberration (SA). Two cases are analyzed:
low aberrated systems, and the human eye containing significant levels of SA and a natural apodization produced
by the Stiles—Crawford effect. Results show that apodization only produces a refraction change of the plane that
maximized the Strehl ratio for eyes containing significant levels of negative SA.  © 2015 Optical Society of America
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1. INTRODUCTION

Amplitude filtering is a technique usually used to improve the
quality of images formed by an optical system [1]. Diffractive
effects may be avoided partially by means of this technique,
increasing the system resolution (“super-resolution”) at the ex-
pense of a decrease in the energy transmitted [2]. Apodization,
one type of amplitude filtering, is also broadly used when using
lasers with Gaussian beams [3], and, in astronomy, when trying
to avoid the undesirable effects of a bright star on planets with
low intensity located in its vicinity [4].

Most instrument optical systems, and especially telescopes
with large apertures, are corrected for spherical aberration
(SA) by using either aspheric lenses or combinations of lenses
with different amounts of SA designed to cancel each other’s
SA, such as a Schmidt camera [5]. Total cancellation is difficult
to achieve, and, although it may be achieved for a certain target,
it will be imperfect for objects placed at other distances (see
Chapter 5 in [6]).

In this context, it is useful to know the defocus that can
maximize the image irradiance of a point source produced
by a system with an amplitude filter and a certain amount
of SA. The human eye exhibits a significant Gaussian ampli-
tude filter (the Stiles—Crawford effect (SCE) apodization [7])
and significant levels of SA (more than typically encountered
in fabricated optical systems [8]). In addition, identifying
the defocus term that can maximize image quality in the human
eye is a most critical clinical task, which has been shown to vary
with both SA and apodization levels [9,10]. Extreme cases exist
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in eyes that have undergone corneal refractive surgery [11] and
eyes implanted with refractive multifocal IOLs or with multi-
focal contact lenses for presbyopia correction. The vision of
these subjects is known to deteriorate with larger pupil sizes
(typically found in night conditions) [12,13]. The change
in refractive state that accompanies elevated levels of SA
[10] is one possible reason for reduced visual performance.
Therefore, the best refraction correction used during the day
may not be the best to use at night [14].

We performed a theoretical analysis of the axial point spread
function (PSF) irradiance in a system with SA and a Gaussian
apodized pupil function. Refractive error was determined by
the defocus that maximized the Strehl ratio (SR). This study
reveals changes in the refractive state of the eye caused by typ-
ical values of SA and SCE.

2. METHODS

We assume an optical system with a radial symmetrical wave-
front that includes a certain value of defocus A, primary (SA4)
A, and secondary (SA6) B, SA [15]:

W = Ayp* + Ap* + Byp°. ()]

Considering that the transmittance amplitude of the system
is apodized and both SA values are constant, our goal was to
find the defocus value, A,, which, when added to the wave-
front, will maximize the SR (see Chapter 9 in [6]).

The normalized irradiance at a certain point P in the image
plane created by an optical system with a wave aberration, W,
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and a circular normalized pupil with an exponential apodiza-
tion factor, y, can be written as [5,15]

1 2z 1 2
2| [ ] ewtcrmewwipdpds) . (@

Then, for y = 0, we have a binary pupil (no apodization),
and, when y is a large value, the apodization follows a narrow
Gaussian shape.

From Eq. 2),
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Equation (3) can be rewritten as
1|z =« 2
Ip = F—i-l_,/e(W)—i-——(z/e) (W2) + ...
1+ k(W) lkZ(WZ)+ ’ (6)
B AN

In the following, we employ Eq. (6) to examine two kinds of
optical systems: those with small amounts of aberrations and
those that are highly aberrated. We consider a system to have
small aberrations if it meets the Maréchal criterion [16]. This
criterion requires the standard deviation (RMS) to be less than
A/10 [although the value /14 is usually used (see Chapter 9 in
[6])]. This means that RMS has to be less than 0.055 pm to be

considered a low aberrated wavefront.

A. Systems with Small Aberrations

For small aberrations, Eq. (6) can be approximated to (see

Chapter 9 in Ref. [6]) [6,15]

1 ‘ 1 2
Ip~ g3 |L+ k(W) =SB W2)| =S (1= Fat), (7)

where 63, is the variance of the wavefront defined as
o = (W?) - (W)~ 8)
Equation (7) shows the classic relation between axial irradi-

ance and wavefront variance in a low aberrated system (see

Chapter 9 in Ref. [6]) [6,15], but multiplied by a factor that

takes into account the apodization. This result also shows that
Ip is maximum when 6%, is minimum (see Chapter 9 in
Ref. [6]) [6,15].

To find the value of the defocus A, that minimizes the vari-
ance of a wavefront, the following equation must be solved:

dot, _ a(W?) - (W)?)

oA, = o, ®)

Equation (4) can be rewritten as
1
(W =or [ Werescmind, (10
and, following Egs. (1), (9), and (10), the equations to solve are
1 2
(W)? = {ZF/ [A4p* + Bp* + Bp°lexp(-yp?)pdp| ,
0
(11)
1
(W?) =2r / [A4p* + Byp* + Bp°F exp(-yp*)pdp. (12)
0

As a result, we found that the defocus that maximizes the
irradiance is then given by
A(E-2Tan) + By(z - 2Fa§)
2la? -

Ay = (13)

All calculations and definitions of values a, 7, £, and 7 in
Eq. (13) are defined in Appendix A. When there is no apod-
ization (y = 0), Eq. (13) gives the known value [17]

Ay = -A,-9/10B.. (14)

B. Systems with Large Aberrations

The approximation made in Eq. (7) for small aberrations (typ-
ically found in many fabricated optical systems) cannot be ap-
plied in optical systems with large amounts of aberration, such
as the human eye (since, in a study performed in a population
of 2,560 normal eyes, the mean value of the RMS for third- to
fifth-order Zernike aberrations was 0.186 + 0.078 pum for a
5 mm pupil [18], much more than the value established by
Maréchal criterion). This indicates that the A, value in
Eq. (13) could not maximize the irradiance at the image plane.
This fact explains why the Zernike metric does not give the
same values as the SR metric in the human eye [19].

An exact analytical solution of Eq. (2) can be calculated
when considering a wavefront with only fourth-order SA

(W = Agp* + Ap?):

1
Ip=—

2
7 [ ewtcro) exptintaan? + 4.0pdp00]

exp(a + b)F (’H'Zé) F(ﬁ)
Vb

where F(z) is the Dawson integral [20], 2 = (ikA, - y) and
b = ikA,. When considering a wavefront with both SA4
and SA6, an exact solution for Eq. (2) cannot be found.
Instead, it is calculated numerically.

2

, (15)
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3. RESULTS

Figure 1 shows the irradiance axial distribution
(A =10.555 pm, k= 2x/i=11.32 pm™') for three values
of SA (4;) corresponding to (a) an eye with lower than average
SA; (b) an eye containing the mean SA found in normal eyes
[18]; and (c) a myopic post-LASIK eye with almost four times
the normal levels of positive SA [21] (negative A, values are
found in hyperopic post-LASIK eyes). Figures were computed
fory = 0 (no SCE) and y = 0.5, corresponding to the normal
value of the directionality parameter, p = 0.055/mm? for a
6 mm pupil [22,23].

Through-focus curves may have more than one maximum
[see, for instance, Fig. 1(b), without SCE]. In this case, we
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Fig. 1. Axial intensity in the image plane. Black line, without apod-

ization (y = 0); dashed line, with apodization (y = 0.5). Arrows in

the figures indicate the expected clinical refraction. Figures A, B, and C

correspond to A, values of 0.67 pm (1.214), 1.72 pm (3.104), and

6.17 pm (11.121), respectively.

identify the best refraction with the maximum with the less
negative (more positive) A, value, which is indicated with black
arrows in Fig. 1. The reason for this choice is based on the
criteria normally used during a typical clinical refraction: when
two refractions give the same optical performance, the more
positive refraction (more positive A,) is selected. This criterion
assures the maximum possible interval of clear vision for the
subject by placing the eye’s far point at the infinity.

Figure 2 shows the irradiance axial distribution obtained for
the same parameters as Fig. 1, but includes a value of SAG cor-
responding to B, = 0.5 pm (0.901) (the corresponding
Zernike coefficient C? = 0.0094 pm (0.0171) can be com-
puted from Eq. (4) in Ref. [17]). This value is about 2.5 times
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Fig. 2. Axial intensity in the image plane for a wavefront with sixth-

order SA (B, = 0.5 pm = 0.904), and several values of fourth-order

SA: (@) A, =0.67 pm = 1.214, (b) 4, = 1.72 pm = 3.104, and

() A;=06.17 pm = 11.122. Black line, without apodization

(y = 0); dashed line, with apodization (y = 0.5).



Research Article

Vol. 32, No. 8 / August 2015 / Journal of the Optical Society of America A 1559

Refraction (D)
-1.33 -111 -089 -067 -044 -022 000 022 044 067 0.89 111 133
0.50 r

0.45
0.40
0.35
0.30
—~0.25
0.20
0.15
0.10

0.05

0.00

Fig. 3. Axial intensity in the image plane for a wavefront, including
both the fourth- and sixth-order SAs with opposite signs (4, =
1.72 pm = 3.104 and B, = -0.5 pm = -0.904). Black line, without
apodization (y = 0); dashed line, with apodization (y = 0.5).

smaller than the mean value present in the unaccommodated
eye [18].

The presence of an SA6 breaks the symmetry shown in
Fig. 1 when no apodization is presented, and decreases the
through-focus irradiance values.

Figure 3 shows the results obtained when combining oppo-
site signs SA4 and SAG in the case of Fig. 2(b) [4, = 1.72 pm
(3.104) and B, = -0.5 pm (-0.904)]. In this case, the
through-focus plots show a significantly reduced depth of field
(DoFi), but an increase of the I, with or without SCE.

4. DISCUSSION

For fabricated optical systems with large apertures and low
aberrations, such as telescopes, the presence of some SA and
an amplitude filter may slightly alter the defocus value that
produces the highest irradiance of the image of a point source.
Equation (13) gives the exact analytical solution which depends
on the Seidel SA values, A, and B,, and the apodization
parameter, 7.

For optical systems with relatively high levels of aberration,
such as the human eye, with an apodization value of y = 0.5
for a 6 mm pupil, our analytical methods can find the expected
decrease in the maximum axial irradiance, as well as the shift of
the through-focus curve toward negative values of A, as A
increases (Fig. 1). Figure 4 shows schematically where rays pass-
ing through the center or the edge of the pupil focus for two
values of A, corresponding to (a) the first maximum (less neg-
ative value of A,) and (b) the second maximum in Fig. 1(b)
that has a certain positive value of SA4. The shift is because the
annular areas in the periphery of the pupil, which have a larger
positive power (dashed lines in Fig. 4), are better focused in the
presence of a negative defocus, and the SCE reduces their
effect by giving a larger weight to the light passing through
the central part of the pupil. When the pupil margins are fo-
cused [Fig. 4(b)], there is less light contributing to the central
image irradiance, reducing the SR [e.g., Fig. 1(c), second maxi-
mum]. With negative SA4, the effect of the SCE is the oppo-
site; the attenuated maximum is that for the most positive A,

value [Fig. 5(a)].

(a)

palle

(b)

Fig. 4. Schematic ray tracing for paraxial (black) and peripheral
(gray dotted) rays in an eye with positive SA. SCE has a larger effect
on peripheral rays for (a) A; < 0 than for (b) 4, < 0.

For certain values of A, though-focus curves may
present more than one maximum with the same irradiance
le.g., Fig. 1(b)]. Thus, as indicated by Figs. 1(b) and 1(c), a
negligible refractive change might be expected to be produced
by the SCE. In terms of diopters, the change in refraction can
be calculated using the relation R, = 2 - A,/(pupil radius)?.
In the three cases shown in Fig. 1, the refractive shifts are
~0.006D [4, = 0.67 pm (1.212)), Fig. 1(2)], -0.005D [4, =
1.72 pm (3.102), Fig. 1(b)], and -0.004D [4, = 6.17 pm
(11.122), Fig. 1(c)]. In the presence of SA6, no refractive
change is produced, as is shown in Fig. 2. Computer simula-
tions of the retinal image have recently confirmed these
results [24].

The effect of the presence of SAG in the wavefront is shown
when comparing Figs. 1 and 2. The symmetry around 4, =
-A, for y = 0 found in Fig. 1 is absent if SAG is present. In
addition, the through-focus irradiance values decrease when
the wavefront is formed by primary and secondary SA with
the same sign. Comparing Figs. 2(b) and 3, we can see the
effect of the opposite sign in SA4 and SAG.

The second maximum peak shown in Fig. 2(b) is strongly
attenuated, while the principal maximum increases by about
2.5 times, with respect to the highest value obtained when there
is no SAG. This interesting result shows the connection be-
tween SA4 and SAG in terms of SR. This relation has been stud-
ied recently by means of numerical calculations [10]. After the
appropriated defocus correction, SA6 may flatten the wavefront
generated by the opposite sign SA4, thus increasing the con-
centration of light in the image plane [25,26]. This effect
may already be anticipated, taking into account the presence
of SA4 and SA6 with the opposite sign in the definition of
the Zernike’s sixth-order SA polynomial (see Chapter 9 in [6]).
The proportionality between SA4 and SAG (three parts of
SA4 for two of SA6) given by the sixth-order SA Zernike
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Fig.5. (a) SCEand A, = -1.72 pm (-3.104), (b) reversal SCE and
A, = 1.72 pm (3.104), and (c) reversal SCE and A, = -1.72 pm
(-3.104). Arrows in the figures indicate the clinical refraction.
Black line, without apodization (y = 0); dashed line, with apodization

(y =0.5).

polynomial, which minimizes RMS, does not appear to be the
best ratio SA4/SA6 to maximize resolution in the human
eye [24].

When 4; and B, change their signs simultaneously, the /7,
through-focus curves are mirror-symmetric with respect to the y
axis [the integral in Eq. (2) gives the same value, changing A,
by just —~A,] [27]. Figure 5 shows this effect.

In this case, normal apodization (y > 0) could affect the
refractive state of the eye, since the principal maximum will
retain the lower value of A,. In optical terms, the reduction
of the intensity of the rays passing closer to the edge of the
pupil mainly affects the maximum produced for a value of
A, which focuses the marginal optics. This is not the Ay,

determined by a clinical refraction of an eye with +SA and
+7 (see Fig. 1), but corresponds to the defocus selected in clini-
cal refraction when SA is negative, as can occur in the accom-
modated eye [17], or in highly myopic eyes fit with negative
contact lenses [28] and post-refractive surgery eyes that have
been corrected for hyperopia [29].

An interesting case would appear for a reversal SCE (y < 0),
with an amplitude function e’ 4+ 1 - ¢7, that assures a trans-
mittance of 100% at the edge of the pupil, p =1 [10,30].
Figure 5(b) shows this case for A; > 0. In this hypothetical case,
we can expect a change in the clinical refractive state of the eye
since apodization affects the more positive maximum of the 7,
through-focus curve. That is, rays passing through the edge of
the pupil, which are more efficient and more powered, concen-
trate in front of the retina, producing a myopic focus, and, thus,
requiring a myopic shift in the correction.

Then, in the presence of only SA4, our results indicate that
refractive changes (following the clinical “maximum plus”
procedure [31]) are found when A; and y-values have the
opposite sign.

Figure 6 shows the refractive state as a function of SA4
with or without SCE (y = 0.5). The refractive state was calcu-
lated as the defocus value computed using two different strat-
egies: (1) minimizing the variance of the wavefront, min RMS
(Eq. (9)] and (2) maximizing the irradiance 7, (maximizing the
SR) given in Eq. (14). The range of A; used in Fig. 6 includes
low values of A, usually present in fabricated optical systems,
and high values typically found in post-LASIK eyes, e.g., up to
values of A; = 6.17 pm (11.124) for a 6 mm pupil [21].

Figure 6 shows that, for a system with low aberrations [A;
values up to £0.5 pm (£0.904)], minimizing variance or
maximizing SR gives the same result, as expected from
Eq. (7) [32]. For positive values of A;, there is also no change
in the refraction produced by SCE for both metrics. However,
Fig. 6 shows that, for negative values of A, lower than -0.5 pm
(-0.904), the SR metric produces a change in the clinical re-
fractive error in the presence of SCE. Adding a centrally
weighted pupil amplitude function will always reduce the in-
tensity of marginal rays, and, thus, the image irradiance peak
generated when the pupil margin is focused. For an eye with

Refractive State (D)

-2.0

Seidel Spherical Aberration (um)

Fig. 6. Refractive state as a function of primary SA, computed for
the minimum RMS criterion (dotted line) without SCE (black) and
with SCE (gray); and for maximizing the SR (solid line) without SCE
(black) and with SCE (gray). Apodization factor used is y = 0.5.
Shaded area shows the refractive change produced by considering

the SCE.
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+SA, this attenuated peak exists at the most negative focus,
which is not used clinically. However, in the presence of
negative SA, the marginal focus is created with plus A,
and, therefore, reducing this most positive peak in the
through-focus plot removes the peak we typically select when
doing clinical spherical refractions. The apodization effect in
the refractive state obtained with the SR metric increases when
the negative value of SA4 increases, and, thus, may be impor-
tant in post-hyperopic-LASIK eyes. The effective refractive
state of a SA < 0 is, in terms of the SR metric, much lower
in the presence of SCE (Fig. 6). Indeed, Fig. 6 shows a similar
tendency to the one obtained using the metric VSOTF [24].

These results may explain the experimental observations
showing that SCE plays a small role in the refraction in the
presence of positive SA [18,33,34], typically found in the
relaxed human eye [17]. The results also explain why, for neg-
ative SA (typically presented in accommodated eyes), which
produces an image with a minimum RMS behind the retina,
the visual system does not need to accommodate perfectly
(accommodative lag).

Results for low values of SA (Fig. 6) also agree with exper-
imental measurements, which indicate that the visual system
can effectively employ a refraction based on minimum RMS
(Zernike [35]) refraction [32]. However, Zernike refractions
do not seem to be a good representative of subjective refraction
for larger values of SA [9,10,32], since they will introduce
myopic or hyperopic biases to the refractive state in the
presence of +SA or -SA, respectively. Instead, the maximum
SR observed with SA and SCE better matches the subjective
refractive change produced by the presence of SA [10].

The relatively simple analytical formulation presented in
this paper can be used in any fabricated rotationally symmetric
optical system with Gaussian apodization, usually with low val-
ues of SA. It is also a mathematical tool to perform further stud-
ies of refraction in aberrated eyes. Another potential field of
application that has not been explored in this study is the
use of an induced SA, together with a certain apodization,
to maximize the eye’s DoFi, which may partially avoid the ef-
fects of presbyopia. The extension of the through-focus curves
may be related to this value. In this regard, some experimental
studies have already been performed by inducing SA4 and SA6
in the form of the Zernike polynomials, Z9 and Z{ [25,26]. A
recent experimental study has also shown the potential benefits
of the apodization in the DoFi [36].

Taking all this into account, we are aware of the limitations
of the applications of our results on visual optics mainly for
three reasons. First, our study has focused on just two symmet-
rical high-order aberrations, primary and secondary SA. The
presence of other aberrations would certainly vary the though-
focus curves [24]. Second, we have not taken into account the
presence of chromatic aberration. This limitation may be over-
come, knowing the spectral apodization factor and performing
the same calculations for different wavelengths that are finally
added together [37]. Third, our study assumes that maximizing
the irradiance of the retinal image of a point source (SR metric
[38]) may be a good refraction metric, which cannot be totally
true since it does not take into account the additional visual
effects produced by the neural system. However, neutrally

weighting the SR metric failed to improve its accuracy at pre-
dicting spherical refractions, and actually decreased it a little
[19,39] in daylight conditions. Nevertheless, our study expands
the SR metric to a more complex metric that includes the neu-
ral factor related to the SCE. This metric should be of interest,
for instance, to astronomers who are interested in maximizing
the detection of dim stars [14].

In conclusion, in our study we find an expression for the
focal shift that maximizes the irradiance in a general optical
system with apodization and SA. This focal shift is normally
small (thousandths of a diopter), even for a large value of apod-
ization. The application to the human eye shows that the apod-
ization created by the SCE plays a small role in the refractive
change, unless the eye has a relatively large value of fourth-order
negative SA and a maximum plus clinical criterion when
refracting the eye is used.

APPENDIX A

This appendix shows the resolution of Egs. (11) and (12).
We start by solving the following general equation:

1
(W)=2r / [0 + Bp* + Bp®lexp(-yp)pdp
0
1 1
=2r ( /O Aup* exp(-yp*)pdp + /0 Bp*exp(-yp*)pdp

1
+ / Bp® CXP(—}’PZ)PdP) =2I(Aya+ A+ BS),
0

(A1)
where
a= [ » eptrdp (A2)
n= A 1p5 exp(-yp*)dp, (A3)
1
&= A p’ exp(-yp*)dp. (A4)

From Eq. (Al),
(W)? = 4T*(Aj0* + 24,40 + 24,Baé + ...),  (A5)

where, following Eq. (9), the only important terms are those
related with 4.
Now, Eq. (12) can be written as

1
(W?)=2r /) [A2p" + A, Ap° + A B p® + .. Jexp(-yp*)pdp
1
=2F( A AZp° exp(-yp*)dp
1
+ / 24,4,p" exp(-yp*)dp
0

1
+/ 2A,B.p° exp(-yp?*)dp + )
0

=20 (A2 +24,A,E+24,Ba+ ...), (A6)

with
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1
T= A P’ exp(=yp*)dp. (A7)

Thus, following Egs. (9) and (A2)-(A7),
o(W?) - (W)?)

04,
_0QU(AJn + 2A,AE + 2A,B7 + ..))
N 04,
0(-4I2(A%a* + 2A4,A.an + 24,4Baé + ...))
+ = 0)
04,
(A8)
resulting in the expression

A (- 2T B(r-2I

g, AE- M) LB o

2la? - n
The integrals in Egs. (A2)—(A4) and (A7) can be solved us-

ing the recursive form:

[n+ 1] = —M, (A10)
dy
defining @ = [1], n = [2], { = [3], and 7 = [4]; and
1
[n] = / P> exp(-yp®)dp. (A11)
0
Thus,
0] = 271 -~ exp(-) (27! (A12)
=21 —ep(n) {57 ).
Then, using Egs. (A10) and (A12),
— l -2 _ _ l -1 l -2
a=_y exp( 7)(2}’ +5r ) (A13)
1
n=y>-exp(-y) <2y‘1 +77%+ y‘3>, (A14)

1 3
E=3y" -exp(-y) (2 rt+ 57’2 + 377 + 374>, (A15)

1
=12y —exp(-y) <Ey‘1 + 2y 12y + 12y-5>.

(A16)

It is interesting to show that, when y approaches zero, the
values of these integrals are =1 /4, Ny=o = 1 /6,
&—0 = 1/8, and 7,y = 1/10; these values can be obtained
taking into account that

2 3
vy
exp(-r) =1-y+--"~

2 + ... (A17)

4
7
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